This paper investigates a quaternion-based finite time attitude synchronization and stabilization problem for satellite formation flying. Sufficient conditions are presented for finite time boundness and stability of this distributed consensus problem. More specifically, a nonlinear control law based on a finite time control technique is developed such that the attitude of the rigid spacecraft will coordinate and converge to the attitude of the leader, while the angular velocity will converge to zero in finite time. The associated stability proof is constructive and accomplished by adding a power integrator term in the Lyapunov function. Furthermore, to reduce the heavy communication burden, a modified control law is then designed by introducing a finite time sliding-mode estimator such that only one satellite has to communicate with the leader. Simulation results are presented to demonstrate the effectiveness of the designed scheme, especially the potential advantages derived through the inclusion of the continuous finite time control method, such as the fast convergent rate and the alleviation of chattering.
I. Introduction S ATELLITE formation flying (SFF) is a promising concept to distribute large satellite assignments to several simpler, cheaper, and smaller satellites and, therefore, improve the space mission performance. Precise formation of satellites or other spacecraft makes possible applications such as large-scale distributed sensing (radar, interferometry, imaging, etc.). There are three main approaches to formation synchronization given in the literature, namely, the leader/ follower [1, 2] , the behavioral [3] [4] [5] , and the virtual structure [6, 7] approaches. Previous spacecraft formation synchronization investigations focused mainly on translational coordination; Ren and Beard [6] used a virtual structure for a deep-space spacecraft, and the translational dynamics were modeled as double integrators. Motivated by the development of synthetic aperture technology, the satellites within a formation system are required to synchronize their attitudes while tracking the desired attitudes and angular velocities. Hence, the SFF attitude synchronization problem has received increasing attention in recent years. Beard et al. [8] proposed a control law with feedback from the formation spacecraft for both translational and rotational coordination, which is applicable to the leader/ follower approach. Lawton and Beard [9] proposed two control strategies, based on behavior approaches, for multiple spacecraft rotations. Wang et al. [10] reported similar research for formation rotation and attitude synchronization in long baseline space interferometers, using the leader/follower approach. Ren [11] , Bai et al. [12] , and Dimarogonasa et al. [13] used graph theory to analyze the communication topology of multi-agent systems to reduce the number of communication links necessary.
A significant requirement in spacecraft formation synchronization control is a high convergence rate. Most of the existing formation coordination control algorithms satisfy asymptotic convergence. Qin et al. [14] gave an algorithm where the least convergence rate for all of the agents to reach consensus was specified, although this is still an exponential asymptotic consensus problem. A finite time coordination control law, with a faster convergence rate, is more practical to achieve the desired objective and precise performance in the space mission. Several kinds of finite time coordination protocols have been developed for first-order multi-agent formation systems [15] [16] [17] [18] [19] [20] [21] . Cores [15] discussed the application of the nonsmooth gradient flows, which achieve consensus in finite time. Hui et al. [16] gave necessary and sufficient conditions for finite time semistability of homogeneous systems, by exploiting the property that a homogeneous system is finite time semistable if and only if it is semistable and has a negative degree of homogeneity. Feng et al. [17] and Jiang and Wang [18, 19] proposed a class of nonlinear consensus protocols that ensured the related states of all agents (linear and nonlinear firstorder dynamics) reach an agreement in finite time under suitable conditions. Sun and Wang [20] and Sayyaadi and Doostmohammadian [21] extended the finite time consensus problem to directed networks with dynamically changing topologies and nonuniform time-varying delays. The analysis of finite time synchronization (including consensus) for second-order multi-agent systems is more difficult than that of the first-order dynamic systems mentioned previously, although there are some encouraging results. Wang and Hong [22] used a Lyapunov-based method and homogeneous properties to design finite time distributed controllers for multiagent systems. Khoo et al. [23] proved that finite time consensus tracking for multi-agent systems (with a leader/follower structure) can be achieved using the concept of a terminal sliding-mode surface. However, the terminal sliding-mode-based controller is limited by the communication topology, and any loops in the topology may cause controller failure.
The preceding results solve the attitude stabilization problem using asymptotic stability analysis; the system trajectories converge to the equilibrium only at infinite time, which is difficult to implement in practice. Finite time control is an alternative way to obtain fast convergence with robust disturbance attenuation, although few results have been reported for the finite time attitude coordination control of multiple spacecraft. Several kinds of finite time control algorithms have been proposed for single spacecraft attitude stabilization or tracking problems [24] [25] [26] [27] [28] [29] [30] . Zhu et al. [24] proposed an adaptive sliding-mode attitude controller that forces the attitude and angular velocity variables of the closed-loop system to converge to the origin in finite time, and effectively decreases chattering. Ding and Li [25] employed a continuous finite time control method to decrease chattering and stabilize the spacecraft attitude. A terminal sliding-mode control technique has also been applied to the attitude tracking control problem of rigid spacecraft [26] , although the controller had a singularity problem that caused an instability in the closed-loop system of attitude tracking errors. Li et al. [27] overcame the singularity problem by introducing a nonsingular terminal sliding-mode technique, and Du et al. [28] solved the problem by adding a power integrator in the Lyapunov function. However, the finite time synchronization of multiple spacecraft is still a challenge.
The main contribution of this paper is the application of a finite time distributed local control law for the cooperative attitude synchronization of satellite formation flying, so that the synchronization can be achieved in finite time. The associated stability proof is constructed and accomplished by adding a power integrator in the Lyapunov function, and enables the finite time reachability and convergent property of the proposed controller to be proved. In addition, a modified leader/follower formation synchronization controller is proposed to reduce the requirement that each satellite has access to the leader. The conditions on the communication topology are relaxed, and only one satellite needs to connect to the leader. The performance of the proposed control method is demonstrated by simulation, and shows a reduction in the chattering of the control torque. The paper is organized as follows. Section II formulates the attitude dynamics and kinematics of satellite formation flying using unit quaternions to represent the attitude orientation. The basics of graph theory are also introduced. The attitude synchronization control algorithm is presented in Sec. III, and the candidate Lyapunov function is chosen, which includes a power integrator term. Section IV gives the simulation results and compares the performance of the proposed controllers to existing algorithms.
II. Mathematical Model and Preliminaries

A. Satellite Attitude Kinematics and Dynamics
The attitude kinematics and dynamics of the ith satellite using quaternions are [31] 
where
T is the quaternion denoting the rotation from the body frame of the ith satellite to the inertial frame, q i q 0i −q T i T denotes the inverse of the quaternion, ω i is the angular velocity of the ith satellite with respect to the inertial frame expressed in the body frame of the ith satellite, J i is the inertia tensor of the ith satellite, τ i is the control torque of the ith satellite, and ω × i represents the skew-symmetric cross-product matrix. The external disturbance torque d i for the ith satellite due to a perturbing force f i is given by d i r i × f i , where r i is the vector from the ith satellite center of mass to the line of action of the force f i . Only attitude cooperative control is considered here, and the orbital motion is considered as an external disturbance on the attitude control subsystem. The disturbance torques arise from atmospheric drag, solar radiation, gravity variations, and third-body effects. Only attitude synchronization is achieved in a finite time.
B. Graph Theory
To model the communication topology among spacecraft in a formation, the following graph theory [32] is briefly introduced. A directed weighted graph is denoted as G ≜ N; E; A, in which N fn 1 ; n 2 ; : : : n n g is a finite nonempty set of nodes and E ⊆ N × N is a set of unordered pairs of nodes. An edge n i ; n j ∈ E denotes that node n j can obtain information from node n i , and then n i is called a parent of n j , n j is called a child of n i , and the set of neighbors of node n i is denoted by N i fj∶n i ; n j ∈ Eg. If a directed path has the property that n i ; n j ∈ E for any n j ; n i ∈ E, then the directed graph is called undirected. A weighted adjacency matrix A a ij ∈ R n×n is defined with nonnegative adjacency elements a ij . In the weighted digraph G ≜ N; E; A, the out-degree of node n i is defined as deg out v i P n j1 a ij . Let D be the diagonal matrix with the out-degree of each node along the diagonal; D is called the degree matrix of G. The Laplacian matrix of the weighted digraph is defined as L D − A. If there is a directed path from every node to every other node, the graph is said to be strongly connected (connected for the undirected graph).
For leader/follower satellite formation systems, assume that the leader is represented by vertex n d , and the followers are represented by vertices n 1 , n 2 , n n .
G is a graph with vertex set N N ∪ fn d g. The connection between the follower and the leader is directed. There are only edges from some followers to the leader, but there is no edge from the leader to any follower. The connection weight between the follower and the leader is denoted by b i , and if the ith follower satellite is connected to the leader, then b i > 0; otherwise, b i 0. Define the diagonal matrix B as B diagb 1 ; : : : b n .
C. Some Lemmas
Lemma 1: For any system _ x fx, f0 0, with x ∈ R n , there exists a positive definite continuous function Vx∶U → R, real numbers c > 0 and α ∈ 0; 1, and an open neighborhood of the origin U 0 ⊂ U, such that _ Vx cVx α ≤ 0 for all x ∈ U 0 \ f0g. Then, Vx approaches 0 in finite time. In addition, the finite settling [29] . Lemma 4: For x i ∈ R, i 1; : : : ; n, [34] . Lemma 5: For a connected undirected graph G, the Laplacian matrix L of G has the following properties:
a ij x i − x j 2 for any x x 1 ; : : : ; x n T ∈ R n , which implies that L is positive semi-definite. Zero is a simple eigenvalue of L and 1 is the associated eigenvector. The eigenvalues of L are denoted by 0, λ 2 ; : : : ; λ n with 0 ≤ λ 2 ≤ · · · ≤ λ n . The second smallest eigenvalue satisfies
D. Control Objective
Consider the satellite formation flying attitude system given by Eq. (1) under the preceding assumptions. The objective is to design a control input τ i such that, for all physically realizable initial conditions, the states of the closed-loop system can be stabilized in finite time and achieve attitude synchronization. This may be expressed as
where T is the synchronization time, which is a function of the initial values of the system states.
III. Synchronization Control Law Design
A. Finite Time Attitude Synchronization Control Law Design
Most existing controllers for satellite formation flying solve the attitude cooperative stabilization problem using asymptotic stability analysis. This implies that the system trajectories converge to the equilibrium only at infinite time, which is difficult to implement in practice. To overcome this disadvantage, finite time control is used to obtain a fast convergence rate with robust disturbance attenuation. In this subsection, for convenience, all of the vectors in each control law are assumed to have been appropriately transformed and represented in the same coordinate frame. The nonlinear control law
is chosen to achieve the finite time attitude synchronization for the ith satellite in the formation. The control parameters are k 1 > 0 and k 2 > 0, and p 1 > 0 and p 2 > 0 are positive odd integers with 1 < p p 1 ∕p 2 ≤ 2 and, hence, satisfy the conditions of lemma 2. The matrix Q i is defined as Q i q 0i I − q × i , a ij and b i are defined in Sec. II.B to describe the communication topology between the formation satellites, and q d is the quaternion attitude of the leader, which is assumed constant. In the controller given in Eq. (2), the first term, ω Theorem 1: Consider the system given in Eq. (1), with the local control law in Eq. (2), under the ideal undisturbed case dt 0. Suppose parameters k 1 > 0 and k 2 > 0 exist, satisfying
and
where k 3 is a positive constant. Variables β max ∀ i∈N P j∈N i a ij b i and γ max ∀ i;j∈N fa ij g when the graph G of the follower satellites is connected, and there is at least one directed edge from one of the follower satellites to the leader. Then the states of all satellites track the attitude of the leader, q d , synchronously in finite time.
Proof: Define the auxiliary variable
The objective is to prove that s i 0 in finite time. Consider the candidate Lyapunov function defined as
The w subscript denotes the w element of the vectors s i and v i . Using lemmas 2 and 3, the time derivative of V 0 may be written as
where the w subscript denotes the w element of the vectors. Differentiating V i with respect to time yields
Define β max ∀ i∈Γ f P j∈N i a ij g and γ max ∀ i;j∈Γ fa ij g. Then, applying the mean value theorem to the inequality
Substituting Eqs. (8) and (9) into Eq. (7), and using lemmas 2 and 3, gives
By using
we can obtain
Noticing that 1 < p < p 1 ∕p 2 < 2 and
Substituting Eqs. (6) and (12) into Eq. (5a) gives
we obtain
Substituting the control torque, Eq. (2), into the satellite dynamics, Eq. (1), produces
Using the conditions given in Eqs. (3a) and (3b), the time derivative of V may be written as
From Eq. (5c) and lemma 2, the following is then obtained: (19) and from Eq. (5b) and lemma 5
where λ min is the smallest eigenvalue of the matrix L B. When the graph of the follower satellites, G, is connected and there is at least one directed edge from one of the follower satellites to the leader, then λ min > 0 is guaranteed. Combining Eqs. (19) and (20) gives
where c max n
Let 0 < μ < k 3 ∕c 1p∕2p . Then using Eq. (18) gives
From lemma 1, there exists a time, fT ≤ V0 1−1p∕2p ∕ fμ1 − 1 p 2pg < ∞, such that Vt 0 for all t ≥ T.
To prove V 0 0 in finite time, _ V 0 is rewritten as
and from Eq. (20)
Lemma 1 states that V 0 0 can be achieved in finite time, and because Vt 0 for all t ≥ T, V i 0 in finite time is guaranteed. Hence, V 0 0 implies that q i q j q d in finite time when the graph G of the follower satellites is connected and there is at least one directed edge from one follower satellite to the leader. The condition V i 0 also implies that s i 0 and, thus, ω i 0 in finite time. □ Remark 1: If the constraints for the controller parameter selection given in Eq. (3) are satisfied, then the attitude synchronization for satellite formation flying can be achieved in finite time. Also, in this work, all of the design parameters are scalar values to ease the algebra and analysis. However, they may be replaced by matrices of appropriate order with no changes to the theoretical development.
Remark 2: If the value of the fractional power p 1 is chosen, the finite time control law in Eq. (2) reduces to the asymptotic linear protocol.
B. Finite Time Control Design with a Finite Time Sliding-Mode Estimator
From the preceding analysis, attitude synchronization convergence is achieved in finite time under the control law designed in L S1
S2 S3 (2) is then replaced with the new control law for the ith satellite as
When at least one follower satellite can obtain the angular velocity of the leader, then ω i ω d in finite time. Theorem 2: Consider the equations of motion of a formation of satellites given in Eq. (1), with the local control law given by Eq. (27) , for the ideal undisturbed case when dt 0. Assume that there is at least one directed edge from one of the follower satellites to the leader in the formation, and there exists an undirected graph G that is connected and that β > δ. Then q i → q j and ω i → ω j → ω d in finite time.
Proof: The following candidate Lyapunov function is proposed to first prove that the sliding-mode estimator in Eq. (26) can guaranteê
where 
where W is symmetric and positive definite when at least one D i > 0, and β > δ. Then, from Lyapunov stability theory, V c tends to zero after the settling time T c given by
which implies thatx i → ω d in finite time for t ≥ T c . Thus,x i can be used to replace ω d , and _x i can be used to replace _ ω d when t ≥ T c , providing there is at least one directed edge from one follower satellite to the leader in the formation. The proof then follows that for Theorem 1 in Sec. III.B, when b i 0 and λ min is the smallest positive eigenvalue of the matrix L. □ Remark 3: Often, there are more general requirements that need to be satisfied in practical applications, such as project Darwin (changed to Next Gravitational-Wave Observatory (NGO) in 2011), where , q x 1 1 , q x satellite1 satellite3 3 3 , q x satellite2 Fig. 10 Communication topology of formation satellites with controller equation (27) . we used the Lyapunov direct method to design the control law. Note that the values of these parameters should be further tuned using extensive simulations.
IV. Simulated Example
To study the effectiveness and performance of the proposed formation control strategies, the detailed response is numerically simulated using the set of governing equations of motion, Eq. (1), in conjunction with the proposed control law, Eq. (2). The control law in Eq. (2) is simulated to achieve attitude synchronization in finite time among three satellites, when only satellite 1 has access to the leader and the communication topology is connected, as shown in Fig. 1 . Table 1 gives the system parameters for the satellite formation flying, the initial conditions, and the controller parameters used in the numerical simulations.
For comparison, two cases are considered in the simulation. In the first case, the finite time controller equation (2) is used; Figs. 2 and 3 show the results of the absolute attitude errors q ei q d q i and the angular velocity errors, and Fig. 4 shows the required control torque.
These simulations demonstrate that satellites 1, 2, and 3 can track the attitude of the leader synchronously and the angular velocity of the formation satellites converges to zero, even though only satellite 1 can connect with the leader. One of the main purposes of the controller in Eq. (2) is to ensure the attitudes of the formation satellites achieve consensus (i.e., have a constant value q d ) in finite time. Hence, Fig. 5 shows the relative attitude errors q ij q j q i between the satellites. By assuming a threshold of 10 −9 , the relative attitude errors show that synchronization occurs in approximately 25 s.
The second case considers the asymptotic synchronization controller, that is, when the control parameter p 1. All of the other controller gains and initial conditions are similar for a fair comparison. Figures 6 and 7 show the results of the absolute attitude errors and the absolute angular velocity errors, and Fig. 8 Figure 9 shows the relative attitude errors q ij q j q i between the satellites, and shows that an error threshold of 10 −9 cannot be achieved within 500 s. Comparing Figs. 5 and 9 demonstrates that the finite time protocol in Eq. (2) has a better performance, and the synchronization time of the spacecraft is greatly reduced by the controller in Eq. (2) .
The main contribution of the controller in Eq. (27) is to enable the formation satellites to track the time-varying angular velocity ω T d 1∕10sin t∕40; − sin t∕50; − cos t∕60 of the leader, while the attitudes of the satellites achieve consensus (i.e., the same nonconstant value attitude and angular velocity). The controller in Eq. (27) does not require knowledge of the angular velocity of the leader, and the communication topology is given in Fig. 10 . Figures 11-13 show the results for the finite time controller given in Eq. (27) , using the finite time sliding-mode observer. In this case, the parameters of the controller are given by b 1 0, c 12 c 21 c 32 1, D 1 4, and β diag0; 0.01; 0. Figure 11 shows the results of the absolute angular velocity errors of the formation satellites, and Fig. 12 shows the required control torque. Satellites 1, 2, and 3 are able to track the angular velocity of the leader, with the distributed nonlinear sliding-mode observer estimating the unknown states of the leader in finite time. Also, the attitudes of the satellites in the formation synchronize to the same value, which is demonstrated in Fig. 13 . Because of the sign function in the finite time sliding-mode observer, Eq. (26), and because the control torque is bounded, the control torque in Fig. 9 has some chattering. Figures 14 and 15 show the attitude synchronization paths of satellites 1, 2, and 3 from different initial states, for the controllers defined in Eqs. (2) and (27) , respectively. The simulations show that the distributed control laws in Eqs. (2) and (27) guarantee attitude synchronization in finite time, provided the leader has access to the desired values. In formation flying, finite time coordinate convergence is more important than asymptotic stability, and can improve the performance of the formation mission.
V. Conclusions
In this paper, a finite time attitude synchronization control is investigated for the spacecraft tracking consensus problem in formation flying, based on Lyapunov's direct method. By Fig . 15 Attitude tracking path of satellites 1, 2, and 3 with controller equation (27) .
considering the fast finite time convergence in the information transformation, a suitable Lyapunov function with a power integrator is chosen to prove that the control law can ensure the tracking system converges in finite time. The designed control law is then extended to the case when only a subset of the follower spacecraft are able to receive the desired velocity from the leader. Decentralized slidingmode estimators were employed to guarantee accurate estimation in finite time, and the corresponding formation tracking problems are decoupled into two subtasks, namely, the decentralized sliding-mode estimation and desired vehicle state tracking. Numerical simulations demonstrated the performance of the proposed controllers, and the results show that the spacecraft converges to the desired attitude in finite time and keeps formation consensus, even if only one follower spacecraft receives the desired value from the leader.
